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17. The above formulas express the energy in absolute 
unih; a horsepower contains 736 x lo7 of these units. 
Therefore 

mA 
E 736X 107 

where P is the developed energy expressed in horsepowem 
In the atmosphere and the ocean problems it is inore 
convenient to employ tons instead of grams; therefore 
we write 

NA P = -HP. 7360 

where N is the mass of moving air or water ex ressed in 
tons per second of the C. G. S. s tern. A is as g efore the 

st,reak. 
18. The circulation represented in figure 3 can also be 

conceived a t  two different currents of water; the one 
current consisting of cold, specifically heavier water that 
flows down from the cold source toward the warm source; 
the other current of warm, lighter water that rises from the 
source of heat and flows toward the source of cold. There 
are, in fact, two actual waterfalls, the one of denser water 
that sinks and the other of lighter water that rises. Both 
these falls develop kinetic ener y in the same way as do 
the waterfalls of our rivers. T%e only difference 'is that, 
instead of the total specific. gravity of the water of tlie 
river computation, we here have to emplov tlie clifference 
in specificgravity between the flowin and t,iesurrounding, 
adjacent water. This is a naturafi consequence of the 

. Archimedean principle of pressure of adjacent surround- 
in.. water against the flowing water. Employing the thus 
reauced specific ravity, the actual height of tlie waterfdl, 
and the streani c 7 ischarge, the computation of the energ-y 
gives the same result as does the solenoidal formula. 

19. One can also compute the correct amount of devel- 
o ed energy by employin the actual specific gravity and 
t f e  height of the wa te r f s  if a corresponding reduction 
is applied to the mass of the flowing water: or we may use 
the actual specific gravity and the stream discharge in 
conibination with an ap ro riately reduced height of 

most practical because that method permits the direct 
substitution of tons of flowing water or air for the cubic 
meters of water of the river they are compared with. 

20. In the atmosphere, the snow and ice covered 
mountain tops and high lateaus correspond with the cold 

warn1 ocean with its warm currents correspond with the 
warm source If'. The circulation of the air that esists 
in the atmoa here is of the same kind and nature as the 

warned above the warm surface o the ocean rises and 
spreads out horizontally until it conies in contact with the 
cold mountain tops. Here it cools, shks, and returns 
along the earth's surface to tho warm ocean on1 to re eat 

and the cold current below are separated by an inclined 
surface corresponding to the inched  streak of figure 2. 
This atmospheric surface contains the solenoids that 
induce and maintain the atmospheric circulation. The 
amount of kinetic energy developed by the two air cur- 
rents can be estimated according to the manner above 
described, either eniploying formula (4) or by comparing 
the currents with the waterfalls. 

21. The circulation of the water in the atmosphere is 
also like the scheme of figure 2. In this case the source 
of heat is the warm ocean surface whose water particles 

number of solenoids in the inc f ned solenoidal surface or 

waterfau. I have found t Kf  e ast of these procedures the 

source C of figure 2, an # the warm surfaca water of the 

circulation o P the water shown in fi ure 2. Thus the air 

the circulatory process. The warm current o P .  air a B ove 

f 

evaporate and rise in a gaseous form into the atrnos- 
phere; the cold source, C, is the point in the atmosphere 
where tlie water vapor is cooled and condensed into rain 
or snow. These. forms fall and form rivers that flow back 
to the ocean, i. e., back to tho source of heat W. In this 
circulation an ininiense amount of kinetic energy is 
produced-of it we use a very small fraction in our hydro- 
electric and water-power plants. The largest part of the 
eneruy of this circulation is consunled in roducing the 
win4 as the Swedish oceanographer, Prof. B tto Peterson, 
has shown. The computation of this energy by the 
above methods offers no special difficulties. 

22. The ocean currents also a pear to follow the 

Gulf Stream. It has its origin in the great sar asso 

Tropics downward to a depth of 609 meters. This is the 
source of heat W, of the Gulf Strcnin. From here the 
warin Gulf Streani water flows along the Atlantic trough 
northward until it  reaches the ice of the Arctic Ocean. 
This ice corresponds to the c.olcl source 6' of figure 3; it 
cools the Gulf Strertni water which sinks to the depths 
along which it flows back as a cold undercurrent toward 
Win the Tropics. Here it is again warined, rises to the 
surface, and again witndeiv northward. On its northward 
c,oui-se the up er ortion of the Gulf Streani becomes 
shallower; un& t fe  Tropics it, is 600 nieters deep but at  
Spitzbergen it is only 300 meters deep. The surface 
dividing the warm upper stream froni the cold under- 
current is therefore inclined like the sloping streak of 

3; therefore, this streak contains a number of fiY so enoids, amounting to about 150,000, according to 
hydrographic observations. The mass of water that 
flows in the Gulf Stream is estimated a t  35,000,000 cu. m. 
)er second. Therefore, and by e uation (a), the Gulf 

energy is, of course, applied to the task of drivin 
Gulf Stream itself, whereby the internal friction o the 
water reconverts it into heat. The Gulf St.ream may be 
compared to a river that discharges 25,000,000 cu. m. er 

would develop the same amount 07 energy as does the 
Gulf Stream. 

23. In order to be able to make such numerical esti- 
mates of the ener y of the atmospheric currents we must 
have the pro er fatit at  appropriately located mountain 

24. For the present we see from tlie foregoing that the 
simple experiment presented in figure 2 possesses many 
large and im ortant counterparts i n  the atniosphere and 

since it is itself a picture in miniature of the powerful 
heat engine that creates the currents of the wind and the 
ocean. 

scheme of figure 8. Let us consi CY er, for instance, the 

vortex which carries the sun-wariiied ocean water o 9 the 

b tream delivers about 500,000,000 'k P. This amount of 

9 the 

second over a waterfall 1 f meters hiah. Such u water r all 

stations and f -ite stations. 

the hydrosp P iere. Indeed, it can hardly be otherwise 

SOME RECENT RESEARCHES ON THE MOTION OF 
FLUIDS. 

By HARRY BATEYAN, M. A., Ph. D. 
[Dated: Johns Hopklns University, Baltimore, Apr. 26,1915.1 

1. The early attem ts of mathematicians to calculate 

body either at rest or in motion, led to  conclusions which 
do not agree with experinient,al results. 

In the continuous potential flow of a perfect, fluid it 
was found, for instance, that a fluid of infhite extent 
offers no resistance to uniform motion of the body,pro- 

the distribution of ve Y ocity in a fluid containing a solid 
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vided the motion of the fluid is st,eady. This is tlie 
so-called paradoz of d’dZn)~bn.t (1). The result is coii- 
tradicted b experience, although it should be renieni- 

the resistance is very small (2) nncl. iii uctual espeyiiiieiits 
the fluid either has a free surface or is inclosed in a vessel 
of finite size. 

The assum tion that the velocity is everywhere con- 

the mouth of a tube immediately spreads out in all 
directions (3), whereas in reality the fluid foriiis, at dl 
events for some distance, a niore or less coinpact stream. 
In 1847 Stokes (4), while discussing t,he inotivii of n fluid 
contained within a rotating prism whose cross section 
was a sector of a circle, came to the coaclusioii that wheii 
the angle of the sector was greater t.lian two right niigles 
a surface of discontinuity would fwni if the fluid were 
perfect, but that there would he no ti-rie surface of dis- 
continuity in the case of n viscous fluid. 

In 1868 Helmholtz (5) pointed out. that whenever the 
velocit in the continuous poteiiti2rl flow exceeds a certain 
limit, t e pressure beconies iitgntivt. and the lic uicl tears 
asunder forming either a cavity or a surface of iscontin- 
uity. There is no doubt that. a kind of cavitation act.ually 
exists in certain motions of red fluids, being assisted in the 
case of water by tshe nir which is dissolred in it. The 
idea was developed by Lord Kelvin (61 in n remnrksble 
paper “On the formation of coroless vortices by the 
motion of a solid in an inviscid inconipressible fluid,” in 
which he concludes that if the sclu:we of the velocity of a 
spherical solid exceeds Q P, where P is the ressure in the 

the back of the sphere and coreless vortices will be period- 
ically formed and shed off behind t,he sphere during its 
motion through the fluid. This result is of interest in con- 
nection with the recent developmeiits which will be 
described in $2; its importance has recently been eniphn- 
sized by J. B. Hendeimn (7). D’iUembert’s partrndos is 
considered by some writers (8)  to indicate that, n surfaco 
of discontinuity must form when n solid hodv iiiovea 
thro h a perfect fluid. Duhem (9) on thc otfier hn11 
rep% it as implying the impossibility of n permsnunt 
dgime and has shown that the pardos  stdl holds when 
there are surfaces at  which the velocity is discontinuous, 
provided the surfaces do not extend t.o iniiiiity or, in the 
alternative case, provided the discont.inuit.y vanishes a t  
infinity at least as rapidly as the vc1ocit.y of tlie fiuid itself 
rind in such a manner that a certain integrnl over 11. large 
surface inclosing the fluid, vanishes when t41iis surface 
recedes to infinity. Villnt (10) maiiit.iiins, however, that 
a surface of discontinuity which est.cncls to infinity. can 
exist when there is a pernimciit r6ginic but tlint the dis- 
continuit of velocity does not snt,isfp the conditions h id  
down in 5 uhem’s theorem, ;IS is inclictit,cd by tlie mathe- 
matical analysis in a mrticulnr esnniple. Consequently 
the ossibility of a sur I ace of +coiitiiiuit.y behind a niov- 
ing ! od is not esclucled by Dulwni’s argument. More- 
over, d Brillouin (11) has shown that if the pressure 
vanislies at  infinity and there is i~ perinuiciit rbginie, when 
a solid body moves uniformly t.lirough a. porfcct fluid there 
must be points at  which the )resure is negative unless 
there is at  least one surface of s iscontinuity which estends 

This is a generalization of tlw resull obtained 
& E 2 L i v i i l .  

The mathematical theory of t.he nlcit.iol1 ~f :i pcrfect 
fluid iu which there are vortes shccts ur surfaces of dia- 
continuit at  which one portion of fluid glides p n s  t uno thw, 
was first i ehitely ap lied to prectical problems by Helm- 
holtz (12). In the rst instance the surface of discon- 

bered that f” or R spindle-shaped body of streniii-line form 

tinuous also P ed to the conclusion that fluid issuing from 

cl i 

undisturbed fluid at infinity, cavitntioii wil P conimence at  

B 

tinuity was introduced simply as a free surface of the 
stream of fluid flowing from a large reservoir into a narrow 
channel. Helmholtz concluded that the ultimate width 
of the stream would be half that of the channel, a result 
which is not very far from the truth (13). He was thus 
able to give a fairly satisfactory mathematical theory of 
jets, which accounted for the well-known instability of 
gaseous jets (14). I n  the case of a jet of fluid in air a 
h i t e  discontinuity in velocit is inadmissible owing to 

may be arrived a t  in the limiting case when the viscosity 
tends to zero. 

The theory of surfaces of discontinuity was afterwarda 
extended to the case in which a solid moves throu h a 
fluid, and the mathematical analysis was developef by 
Kirchhoff (15), Rayleigh (Id), and many other writers 
(17). Considerable progress has been made recently in 

otential flow, by Levi- 

has been used to determine the resistance 

the assumption that the wake behin the ody is a region 
of constant (or hydrostatic) pressure bounded by a 
surface of discontinuity extending to infinity. A definite 
finite value is found for the resistance, and 80 the theory 
is not ruled out on account of D’Alembert’s paradox. 
The theory agrees with experiment inasmuch as the re- 
sistance is found to bo proportional to the s uare of the 

for the 
resistance in the case of a plane lamina moving through 
air differs from the experimental value (21). 

by Lord K T  e vin (22), who claims that such a motion ia 
inconsistent with his theorem of least energy; that a 
surface of discontinuity is unstable (23) and would also 
disappear on account of viscosity. Another serious 
objection is that the mass of “dead water” which ia 

through a fluid, would have an infinite kinetic energy Y an 
supposed to be carried along behind a body mo 

this would imply that an infinite amount of kinetic energy 
is given to the fluid by the motion of the body. Since, 
however, the velocity of the body is supposed to be main- 
tained by some agency, it ha.s been thou lit that the 
type of motion in quvstion might (conceivabl8 be approxi- 
mated to as mptoticully as time elapses, though it could 
not be estabgished in a finite t h e  (24). 

Tho whole rnatt,er has been reviewed a t  some length by 
LaiicJiest,er (25) who oiiits out, t.liat Lord Kelvin’s mini- 
mum theoreni involve $ the hypothesis of cont-huity, and 80 
t-he first objection cnii bu set aside. In connection with 
the other ob’ections Landicstcr states his views as follows: 

(1) ‘$hat whatovcr niny bc the value of the vis- 
cositv, the ind&zi! niotioii from rest obep 
the h le r ian  equations, i. e., t,he motion is 
continuous (26). 

viscous fluid, be regarded HS arising by 
evolution from a motion initially obeying 
the niatheniatirnI equations of continuous 
motion. 

(3) That in fluids possessing difi‘erent Falies of 
kinematic viscosity tho time taken for the 
evolutioii of the discontinuous system ia 
greater when t,he kinematic viscosity is leas, 
and vice versa. 

(4) That the ultimate development of the dis- 
continuous syst.eni of flow is more complete 
tho less tlie u l u e  of the kinematic viscosity, 
and vice vema. 

viscosity, but it is conceivab r e that Helmholtz’s theory 

of discontinuous b%?:;x Cisotti (191, and vi % at (20). 

met The by theox a so d body moving throu h a erfect fluid, on 
% ! I  

velocity of the body, but the calculated vaue  f 
The the0 of discontinuous motion has beon attacked . 

(2) That the discontiriuous system may, in a . 
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The possibility ,of the solution of the equations of 
motion of a viscous fluid becoming discontinuous when 
the viscosit approaches the value zero, may perhaps be 
illustrated g y a consideration of the equataon: 

bu au a=u 
Z+”& = ”dz”’ 

This equation possesses a solution of the form 
u = F(z + Ut), 

U-+FZ ax V- d 9  
if 

d F  d F  #F 

where a is a constant. The solution is thus either 
(x+ Ut-c)a u + U = a t m  2v 

or 

according as the + or - sign is taken. In  the first 
case there is no definite value of u when Y tends to zero, 
while in the second case the limit‘ value of u is either 

than e. The limiting form of the solution is thus dis- 
continuous. 

It is clear from this example that the question of the 
limiting form of the motion of a viscous fluid when the 
viscosity tends to zero requires very careful investioation. 
So far very little has been done on these lines, gu t  an 
approximate mathematical the0 of the motion of a 

Prandtl (27) and develope1 by some of his pupils (28). 
The chief characteristic of the theory is the assumption 
that t,he motion differs very little from a continuous po- 
tential flow outside a “thin layer of transition” und 
that within this layer there is a rapid fall of velocity: 
for thc niotion in this layer the equations of motion of 
a viscous fluid are used with a few simplifications. 

The coiiclusions to which Prandtl conies are very 
siniilur to those in Lanchester’s treatise. In the case 
of the flow of fluid round a plate, when the flow is dircct.ed 
at r wht angles to the plate at an infinitc distance from 
it, t ’R e motion differs very lit.tle from the oont.inuous 
otent.id flow at the very beginnin of tlie motion, 

covering the edges. Soon, however, the fluid separutm 
from the plate and in consequence of the friction ut t.he 
wall a stream of fluid cont.aining vortices issues from the 
laper of transition. The type of flow now cliangcs 
Mind the lace of separation and tb kind of rortcx 

to be broken up on account of it,s mstability iiibo seprr- 
rate vortices. These conclusions have bfqi verified 

a- U or -a- t7 according as x+ 5 t is less or greater 

fluid whose viscosity is ver smal 7 has been proposed by 

geing changed very little by the thin f ayer of trmsit.ion 

sheet or su K twe of discontinuity appears t.0 form, only 

and their derivatives, and he finds that when pa.U/p is 
sinall -p being the density, the coefficient of viscosity 
of the fluid, a the radius oj t i e  sphere, nun U its velocity 
-the resistance is given to a second approsiniutioii by 
the formula : 

A siniilar result has been obtaincd recently by R. W. 
Burgess in a paper which has just been presented to the 
American Journal of Mathematics. Burgess has, more- 
over, removed a defect in Oseen’s theory and has obtained 
the modified stream-line function by a simple process. 
. The first a proxhiation for R, of course, agrees with 

for the resistance to the uniform motion of a right. circu- 
lar cylinder has been obt.ained by Lamb (301, the method 
of derivation being malogous to that used by Oseen. 

In these investqptions it is assumed that the motion 
is steady. There is, of course, vort>es motion which is 
appreciable only in the wake, but there are no isolated 
vortices or cavities and no syfaces of discontinuity. If 
a steady motion exists, the origin of tliove other types of 
motion must be attributed to chance disturbances and 
a possible instability of the steady state. Since, however, 
in actual esperbents a finite ve1ocit.y of a moving solid 
is attained raduall , the turbulent or discontlnuous 

limit, de endin on the viscosity, as in the theory of 
Osborne %evnoKhs (31). In  this theory it is recognized 
that a possible criterion of stability of a iven state of 
motion can depend only on the ratio -,where a is a 

f! characteristic length and L! a characteristic velocity asso- 
ciated with the motion. Osborne Reynolds was led to 
the idea that turbulence sets in when this quantity ex- 
ceeds a certain limit. This theory htw been discussed 
with conflictin conclusions by Lord Kelvin (32), Lord 
RayleiFh (331, 5. A. Lorentz (34), W. McFadden OIT (351, 
F. h. Sliarpe (36), V. W. Ekman (37), C. W. Oseen (38), 
A. SoIniiierfeld (391, G. Haniel (401, R. yon Mises (41), 
and other writers. The cluest.ion must still be regarded 

Yt,okes’s well- R - iown formula. An approsimate formula 

motion may % 9  egin wien the velocity esceeds u certain 

pn 8 

as unsettled. 
- 

On account of instabilit,v it is difficult to understand 
how a surface of discontinuity could be approsimated to 
during the course of the niotion of a viscous fluid; never- 
theless the results which are obtained by means of the 
theory apparently agree qualitatively with esperiments, 
so that it would be unwise to reject the theory simply on 
account of this difficulty. 

One serious objection which can be ur ed ugainst the 
theory on ex erimeiital .grounds, is that t 5 le theory does 
not account f or the vanation of pressure observed over 

(42). In some cases a whirling tab i! e was used, but the 

Armand de Gramont, Duc de Guiche, has recen tp y adopted 

bac a of a thin square laminit is less than t i! e atmospheric 

the back of a square plate moving through am. 
The distribution of pressure over both faces of a plane 

lamina nioving with constant velocity through air has 
been determined experimentally b several observers 

results obtained in this way are not satisfactory. The 
best observations have been niade by carrying the lamina 
in a moving vehicle as in some of Langley’s ex erimenta. 

this method in an elaborate series of esperiments carried 
out in a niotor car and has made ti number of beautiful 
dia rams which show very clearly that the ressure on the 

pressure over an area bounded by the leading edge and a 
curve which recedes toward the rear edge of the plate aa 
the angle of inhation increases from 0’ up to a critical 
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angle of about 20'. When this angle is exeeded the 
pressure on the back of the plate is everywhere less than 
the atmosphenc. 

The critical angle differs from tsliat found by Eiffd in 
his experiments mth a stationary plane in a current of air 
and this indicates that results obtu.ined bv one metliod of 
experiment can not be applied with fun rigor to ewes 
which would correspond to the other method of e-speri- 
m a t .  

Unless the presence of the motor car alters the flow of 
air $e exact cause of the difference between t,he two 
caaes IS not easily detected. In  the niathematic.d theory 
it has generally been assumed that the flow of fluid around 
a stationary obstacle can be deduced a.t once frpin the 
correspondmg flow, in which the fluid is n.b rest at  infinity 
and the body moves through it, by siniply iiiipressing on 
the fluid and the body a velocity whicli wdl +mu1 the 
velocity of the body. This may, however, only he true 
when the motion is st.eadg. The question has been 
raised again and discussed 111 1~ rccent piper by J. B. 
Henderson (43) who refers to soiiie experiments macle by 
Dubuat in 1786. This esperinientor measured the force 
required to tow a late in still wtter, and also the force 

the relative motion of plate and writer being the same in 
the two cases. He found the ratio between the two 
forces to be 1.3:l. 

A possible esplanation of the difference, assuming it to 
be real, is that the eddy phenomena are not tlie saiiie in 
both cases. Eddies arise from instability in tho steady 
motion, and to prove tlie equivalence it woulcl have to 
be proved, not oidy that the inception of instability, but 
also that the resulting iiiotion following on instability 
de end solely on the relative iiiotion (.43). 

ft is very probable that coditiolis in which the niotion 
of the fluid is not really steady play :in iiiiport.mit part 
in experimental work and this brings us to the. c.onsiclera- 
tion of motions which aro perniaiient bccause they are 
periodic. 

2. In 1908 H. BBnard (44) discovered tlint when t.he 
surface of a li uid is parted by a thin vertical prism 
which is move% with uniforni velocity purfillel to its 
lane of symmetry, two parallel sets of gyration centers 

!om behind the prism. The vortices behging  to a row 
are at equal distances apart and hare the same sense of 
rotation which is opposite, however, t.o that of the vor- 
tices in the other row. A central dissyminctric,nl spnce was 
detected at  the back of t.he prisiii and W R S  identihecl wit.11 
the vibration zone whcre the altenint,c Fortices are foriiied. 
At two instants separated by hnlf a p e r i d  the appear- 
ance of the zone is esaatly syiiimctricd with regard to 
the plane of symmetry of the obst,acle. At first die vor- 
tices have the same velocity 11s the moving prisin, hut, 
quickly slacken, at the s:i.ni~ tiiiic diverging to the right 
and Ief t. They quiclily n.tt,uin tlwir traaiurcmal h i t ,  
longitudinal e uidataaice, u.11d liiiiit,iug speed, which  re 

reserved if t % e vortices iirc not. too liiuch deaclimecl. 
k h e n  old they are I T I O ~ C  and more senaihle t.0 aiccitlt~nt~al 
fluctuations, wllilo the eyuidistnncr, hi particular, is less 
and less well defined. Flie aimngeiiir.nt of vortices is 
indicated in the following figure (fig. 1). 

required to hold t K e same plate stationary in a stream, 

FI G.I.  

A n  alternate eriodic arrangement of vortices of this 

dia am (fig. 2), taken froni a paper by Osboime Rey- 
no1 8 s (49, a series of spiral-sliaped eddies is shown which 
hears some resemblance to the above arrangement. The 
diagram indicates the way in which a thm stream of 
liquid becomes unstable when moving through another 
liquid. 

type has been o %I served many times. In  the following 

n fl G.E. 

A somewhat similar arrangement of vortices is produced 
by the blades of a screw propeller (46) and a vibration 
id the vortex field has been noticed in some experiments 
on the flow of waber round a model balloon (47), while 
Borne (48) has recently verified the fact that vortex fila- 
ments are formed alternately in the flow of air round 
different obstacles m d  has obtained some photographic 
records of the phenomena in uestion. 

been made by Rubach (491, K&rm&n (49) and others 
with similar results. In the case of a circular cylinder 
moving through a liquid Rubach (50) found that two 
vortices with o posite directions of rotation are soon 

increases, new rotating fluid being derived from the 
"layer of separation" which firat forms behiid the cylin- 
der. The pair of vortices recedes from the cylinder with 
n velocity wliich i? small compared with the progressive 
vclocity of the cylinder and its pair of vortices relative to 
the stationary h i d .  This state of affairs, however, is 
unstable; a periodic motion soon sets in with a continual 
fonnation of new vortices from opposite sides of the 
cylinder. 

A mathematical theory of the two rows of vortices 
considered above has been given by K&m&n (49), who 
finds that under certain circumstances such a system is 
stable. 

In the case of a erfect incompressible fluid, the motion 

mes are all parallel, may be st.udied by a well-known 
method (51). Since en.ch vort,es moves with t.lie fluid, 
the velocity of a vortes, A,, can be calculated from the 
stream-line function due t.o the remaining vortices. 
Writing z = x+iy ,  w = x - i y ,  the equations of motion 
of the vortes 9, arc contained in the single equation 

Experiments analogous to 7 t lose of BBnard have aIso 

formed behind t K e cylinder and their strength continually 

of a system of is0 P ated rectilinear vortex filaments whose 

dz, = 1.) Y k, , 

denotes that in the suinniation p does not take the VB P ue p .  

dt  27KL wp-wq 
!l 

where k, is the strength of the vortes 4 and the rime 

To study the sinall vibrations of the system, we write 
a,+~, instead of zp,  .zo,+~ instead of wp and neglect 
terms of order higher than X e  first; in the small quantities cp, E P .  We thus obtain 

So far the work is uite general. Now let us assume 
that the vortices in t Yl e first row are all of strength k 
and that their undisturbed positions are given by 

z,=qz, q = O , f l , f % ,  * . - 



APRIL, 1915. MONTHLY WEATRER REVIEW. 167 

Let us murue, moreover, that the vortices of the second 
row are each of strength -2, arid that their undisturbed 
positions are given by 

2;=(r+~)Z+ih,r=O, fl,*t, - - - 
For simplicity each row of vortices is supposed to 

extend to infinity both ways. 
Using the inferiors p, q, for vortices in the first row, and 

r, 8, for vortices in the sec.ond row, we obtain the equations 

Now consider the disturbance in which cP, c8, .&,, E,, 
are the unambiguous parts of the espressions c,e*fP+, 

C,e*i(a+*)+, €,e*iP$, Eleki(s++)+, respectively, 4 being a real 
quantity independent of p and 8 and unambiguous, while 
c,, e,, E,, E, are real or complex quantities which may 
involve the ambiguity f. Let us assume, moreover, 
that E,, io, E, and c, depend on t through a factor type 
eot. We then have 

where 
(00 + x, + +E, = 0, ;,s - A€, - . id ,  = 0, 

For stability it is necessary that 0 should be a purely 
imaginnr quantity. Now p-v  and / r+v we real, consc- 
quentlv or stability A a + t ( p + v ) 3  must be positive for all 
real vdues of the quantity , which specifies the relations 

4 = z, p + u  = 0, hence for stability rl must also vanish 
otherwise P would be negabive and there 

would e two values of B with a positive real part. The 
equation 1’ = 0 reduces, when + = A, to cosh2 = 8, or 

(1) 

For other ratios of h to Z the system of vortices is 
unstable. A complete proof that the system is stable 
for all diuplacementa when h and 2 are connected by t.he 
relation (1) hasnot been given, and in spite of Kigmi&n’s 
assertion, there is some doubt about the truth of the 

between the phases of the 8! ifferent vortices. Now when 

when t = A’ 
h7r 

h 3‘0.283 . . . 

theorem, judving from the report- of a paper presented 
to the Royd%ociety of Edinburgh on March 1, 1915, by 
H. Levy. It is easy to see, however, that R + 4 ( p + v ) ’  
is ositive when 

$he velocity A z f w h i c h  the whole system of vortices 
moves is given by the formula 

m=u 

KdrmAn has used the two rows of vortices to obtain a 
theory of resistance in which the resistance encountered 
by a body moving with uniform velocity, V, in a perfect 
fluid is expressed m terms of V, h,? I ,  and the width of the 
hotly in a direction perpendicular to the direction of 
motion. The quantity 1 may be obtained ex erimentally 

the wake behind the body. 
In connect.ion wit.11 the 

from observations of the periodic system o P vortices in 

right circular cylinder, has investigate5 
roduced by a movhi 

whether there are any 
form motion, where t.wo equal vortices wit.li opposite 
senses of rotation c.an be placed so as to be at rest rela- 
tive to the cylinder. By consiclering the images of the 
vortices in the cylinder, he finds that the vortices must 

R cylinder in uni- 

lie in symmetrical positions on the curves f2y=r---* 1 
f 

where T is the distance of a point from the axis of the 
cylinder, the radius of the cylhider being unity. This 
result has been tested by an examination of Rubach’s 

hotographs and agrees very well with the measurements. 
$he st.rengt,h of the vortices is grent,er t,he farther they 
are froiii the axis of t,he cylinder. 

3. Let 11s now sce what relation some of t.he preceding 
results and theories niay have t.o ttt.iiiospheric problems. 

In  his nieinoir “ uber ntmospharische Bewegungen” 
(521 Helndioltz has made some renitirks on tho ori m of 
depressions and anticyclones ant1 has considere8 the 
possibilitv of surfaces of discontinuity in the atmosphere, 
t-heso behg surfaces which separut.e masses of air wit.h 
different velocities and difkrent teniperatures or densi- 
ties. Such surEaces we sooner or later broken up, eddies 
are foTmed, .and the masses of air at  different tempera- 
tures mterniingle. Helmholtz thus regards instability as 
a more powerful cause than friction in establishing, tt 
transition stratum within which t,he climge of density 
takes place &adually. The effect of viscosity in smooth- 
ing out discontinuities may he studied by considering 
some of the well-known problems in t,he theory of the 
conduction of heat, wherein a discontinuity in t.he initial 
conditions instantly disappears after a time. Helmholtz 
remarks (53) that- 

As in the neighborhood of tlie Equator the air of the earth’s surface 
is warmed and rises, so in the neigli1)orhood of the poles it in cooled 
and sinks. The cold layers mill endeavor to flow sc.pm:%tdy to the 
earth md form e.&, winds; above them the vacant place must be 
filled and the warn air blows there aa a west w i d  or cyclone. It 
would be possible for there to be equilibrium if the lower cold layers 
did not require a more ra id rnohon of rotation owing to friction. 
The spreading out of the poyar east winds, if it is indeed recqnizable 
in ita principal features, takes place very irregularly, since the cold 

ole does not coincide with the rotation-pole of tlie earth and low 
gills have considerable influence. Through such irregularities it 
hap ens that the anticyclonic movement of the lower lavers and the 
grzukually increaaing cyclone of the upper lavers, which ie tp be 
expected at the pole, resolve themselves mto B large number of irreg- 
ularly moving cyclones and anticyclones with 3 preponderance of the 
former. 

This idea hm been recently taken up and developed by 
F. M. Exner (54), who has combined it with some results 
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obtained by M. Margules (55). 
theses may be briefly stated as follows: 

The fundament.:tl hypo- 

Let u8 suppose, with HeImholtz, that in the neighborhood of the lJI?b 
the cooled air sinks :md endewom to R wad out toward the Rniitli 
beneath the overlying wamer l~ycm, lift a licnvy fluid 1~ent:i~tIi a 
11 hter one. By the deviatin force of the earth’s rotation the t h -  of 
c s d  air toward the south s h o h  be directed toward the west, the cold 
air should themfore enter the high latitudm aa ea&. winds; south of this 
the warm west wind should prcsciil. According to the cidculatinns of 
Helmholtz and Eilar@es, the cold layer can lie in a state of.equilibrium 
like a wedge below the warm air. On account of the fiwtion at tlic 
earth’s surface which the lowest layem experi~nce, tlw cold east wind 
and the warm west wind are retarded; the surface of separation is con- 
sequently not stable but bonds towvard the horizon. Cold air flows 
southward, while warm air flow8 nortlimmd. 
This is an overturning of the layers in the seiise of Itfar- 

gules, whereby kinetic energy is set free by t,he work of 
gravity. Esner has made some calculations to rtscert,n.in 
whether, under plausible assumptions as to the znagnitde 
of the friction, this is sufficient to account for the great 
air movements, and he finds that this is the case. He 
then says: 

Since the friction on a amllel of latitude is very different for different 
lengthtl, there is a very Afferent production of krnetic energy in differ- 
ent places. This s’ nifies the generation of depressions at certain 
parta of a p m ~ l l d  of%titode, which are characterized by particularly 
graat hindrances to the east-west air motion. The growth of depremions 
may consequently bo connected witti certain sputa on the euth’s SUI- 
face. .4moiig tliese the conthent of Greenland phys a particuldy 
important pwt, for the cold east winds arc dammed a t  ita enst front and 
thrown towsrd the south. On .account of the lack of observations in 
high latitudes this conclusion hnre unfortunately not been sufficiently 
confirmed. 

FI 6.3. 

0 

An esamjnntion of the wettther imps of the N orthctrii 
l-Ieniisphwe (56) will show that this theory of Helniholtz 
nnd Exner does account for the general foatures of the 
pressure distrilmtion, ~ L S  there is frequently a circle of lows 
t i t  about the same latitude as Greenland, wid this ring of 
lows is surrounded by a belt of highs. The ixrr:~nge- 
uieiit of t,lieue lows md highs henrs some resemb1itnc.e to 
Bbnarcl’s two rows of vortices, but unfortunately the lows 
are inore iiunierous than the highs, so that a high is not 
:.lwatys equidistant from tm70 ronsecutive lows ns in 
UBnard’s arrangement. 

Very litde has been doiie in the theory of the si9iibility 
of a large number of isolated vortices, that iiiight con- 
t:eivably have an ttpplication to st,mosplieric )rublcniu. 

his 1mpw “On the stability and small oscillations of a 
perfect liquid full of nearly straight coreless vortices” 
(57) might with advantage be transferred to the surfnce 
of B sphere and stmudied 1110re frilly. Morr progress hns 
been imde in t,he theory using the iden ol it surfuoe of 
discontinuity, although, as Exner reniarlrs, tlierc is no 
direct evidence that a sharp discontinuity in temperature 

Perhaps the arraiigeineiit considered by Lord P <elvin in 

occurs. Nevertheless the results which are obtained by 
using the idea may be expected to closely resemble the 
actual conditions. 

When the surface of discontinuity is stationary, its 
inclination may be deduced from a formula given by 
Margules (58). 

Usin the equations for stationary rectilinear motion 
in the B orm 

where u is the velocity arallel to the axis of X, f !he 
pressure, p the densit OF the air, w the angular v oaty 
of the Earth, and + t I e latitude, he writes 

p c - - p a = g . $ = 2 u p 1 ~ 1  sin +.$a 

and so 

Margules also obtains a more exact formula by t 
into account the curvature of the Earth. 
has shown further that it is possible to derive the variation 
in intensity of a vortex sheet from the inclination of the 
surface of discontinuity as well as from the temperature 
and distribution of humidity in the neighborhood of the 
surface. He also gives a criterion depending on the reltG 
tive velocity (60). Some evidence of the existence of a 
condition in the atmosphere closely resembling a surface 
of discontinuity has been obtained by W. Schmidt in his 
observations o€ air-waves in  valleys (61). He finds that 
the amplitudes of the waves increase continuously as the 
warm fohn current aloft sinks to t.he surFace, until they 
suddenly end when the fohn breaks through. He con- 
siders that the air-waves are formed a t  the upper surface 
of the cold valley wind over wbich blows the warm cur- 
rent of the fohn. The appearance of the air-waves is 
frequently associated with an advancing depression, and 
niay thus be regarded as a weather prognostic. 

The niotion of surfaces of discontinuity in the atmos- 
,here mag perhaps be studied with the aid of some well- 
known theorems relating to the pro agation of waves of 

duced a t  once from the equation of continuity. Itstatea 
that if T7 is the velocity of the surface of discontinuity in a 
direction a t  right angles to itself, v, and v., the com- 
ponent velocitic?s of the air on the two sides of the surface 
in a direction a t  right angles to the surface, p1 and pz the 
demities of the two contiguous masses of air, then 

discontinuity (62). One of these t g eorems may be de- 

p,(V--J = P,(V-~J 
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Let us apply this equation to the case of a line squall 
on t.he supposition that the inclination of the surface of 
discontinuity to the horizon is as shown in figure 4. 

Let U,, U’, be the velocities of the air on the two sides 
of the surface of discontinuity. 

Since the rate of advance of the line of the squall is a 
little greater than the surface velocity of the colder 
air (63) we have v cosp > 0, cos0 

Now vl= 0, cos 7, and cos0=cos~cos +siqasinr, 

V. It follows then that P is also greater than v,. !J&s 
means that warm air flows across the surface of dis- 
continuity and mixes with the cold air, a result which 
may erhaps be regarded RS an illustration of the principle 

the cold and not vice versa. The su position made with 

and ib velocity, is thus consistent with the above equation 

therefore cos 0>cos)-cosp, and so vl< 6 ,cmOsec c 

that fl eat always flows freely from the warmer mass to 

regard to the inclination of the su 2 ace of discontinuity 
- -  

.of continuity. 
The flow of fluid past a spherical obstacle has an in- 

temting application- to the atmospheric problem of the 
flow of air past a heniispherical niountrtlll, as has been 
pointed out by W. Schmidt (64). The influence of the 
corn ressibility of the air lias been considered by Y. 
Okaga (65) and has been €ouncl to be negligible, provided 
the velocity of the air is sniall coni ared with the volocity 

as a half cylinder, the investigatiohs in the paper of 
L. Foppl (50) become of interest. By reducing the 
cylinder to rest, we see that it is possible for a ststionnr 

L. Fiippl’s investigation of 
=ability of the two vortices behmd a circular cylinder 
is thus of interest for the atmospheric problem. It must 
be remembered that in this case the two vortices must 
always be images of one another in the lane of symmetry, 
i. e., the plane which divides the cylin c f  er into two halves; 
the displacements of the two vortices are consequently 
symmetrical with regard to this plane and the mange- 
ment is stable, whereas for asymmetrical displacements 
the arrangement is unstable. 

of sound. When the surface of t % e mountain is treated 

vortex to form behind the mountain, a result whic E 
with observations. 
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III. THE DISTRIBUTION O F  TEE RAINFALL IN THE 
WESTERN UNITED STATES. 

By B. C. WALLIS, B. Sc. (Economics), F. R. G. S., I?. S. S. 
[Dated: North Finchley, England, Feb. 24,1015.1 

In  this REVIEW for January, 1915, tlie writer mapped 
in some detail and discussed the distribution of rainfall 
intensity in the eastern United States; the present paper 
is a similar discussion of the rainfall intensity in the 
western portion of the Republic. 

The accompanying 13 monthly maps of equipluves 
(figs. 3 1-43) present a notable regularity almost through- 
out the year, .y, very wet mea gradually fadcs off into a 
v t q  dry district. The exce tional month is October, 

tlie elevated lands are wetter than the lowlands. Tlic 
second general feature is the absence of very marked 
raininess or dryness on the mountains 
the gear. This fact is well 

way, the West 
r i n f d :  (1) The Far 
with grcut rainfall 
November to March, i. 

when tlie raininess is uniforn Y y below the average, and 

In January the equipluves run north and south and 
raininess drcrcmes steadily eastwards. This montll 
marks the dinias of the irffluences which cause rain and 
which axe due, in the main, to the winds from the Pacific 
ocean. 

FIG. 24.-Map showing the driest months in tho western United States. 

In  Februtwy the rainfall influences begin to weaken 
along the northwest coast m d  raininess increases OR the 
eastern slops. 

' 
FIG. 26.-Map showing the wettast months in the western United State& 


